Treating the repulsive part of a pairwise potential by the hard-sphere form and its attractive part by the effective depletion potential form, we calculate using this model potential the colloidal domains of phase separation. Differing from the usual recipe of applying the thermodynamic conditions of equal pressure and equal chemical potential where the branches of coexisting phases are the ultimate target, we employ the free energy density minimization approach ͓G. F. Wang and S. K. Lai, Phys. Rev. E 70, 051402 ͑2004͔͒ to crosshatch the domains of equilibrium phases, which consist of the gas, liquid, and solid homogeneous phases as well as the coexistence of these phases. This numerical procedure is attractive since it yields naturally the colloidal volume of space occupied by each of the coexisting phases. In this work, we first examine the change in structures of the fluid and solid free energy density landscapes with the effective polymer concentration. We show by explicit illustration the link between the free energy density landscapes and the development of both the metastable and stable coexisting phases. Then, attention is paid to the spatial volumes predicted at the triple point. It is found here that the volumes of spaces of the three coexisting phases at the triple point vary one dimensionally, whereas for the two coexisting phases, they are uniquely determined.
I. INTRODUCTION
It is customary in colloidal phase-diagram calculations to apply the equal pressure and equal chemical potential ͑EPCP͒ thermodynamic relations to portray the coexisting phase boundaries. In many of the theoretical studies of this kind, one is in fact effecting a "verification" of the experimental findings since the ͑equilibrium͒ coexisting phases to be "confirmed" are generally known for given initial input, such as the number or weight concentration of a suspension of uncharged colloids maintained at temperature T, the number concentrations of a system of charged colloids and electrolytes, etc. The fundamental question of whether the coexistence phases are metastable or stable is however not immediately obvious since this computational strategy of EPCP cannot answer this phase-separation question definitely. A more basic question to ask is perhaps: What are the factors that govern a set of phases to coexist, and given that such a set of phases does coexist, how do we know that they are stable or metastable? In this work, we pursue this fascinating question by going after two issues. The first issue is inspired by some recent efforts, [1] [2] [3] which were devoted to understand the equilibrium colloidal coexisting phases by analyzing the free energy density landscape ͑FEDL͒ and the use of common tangential ͑CT͒ technique to locate these coexistence phases. In the context of multiphase coexistence calculations, these studies are numerically tedious. Neither the EPCP nor the CT method is designed, as in laboratory colloidal experiments, to obtain the phase-separation domains. On the other hand, the free energy density minimization ͑FEDM͒, which was advanced recently, 4 has successfully been used to map out the domains of coexisting phases for such diversified systems as the charged colloids driven at dilute ͑ϳM͒ and high ͑ϳmM͒ electrolyte concentrations, thermodynamically more stable if both are solutions? Is there any distinction between them? If the triple coexistence is more stable, can we say or should we expect f m = x 1 f 1 + x 2 f 2 + x 3 f 3 lower in energy value than that with two, f m = x 1 f 1 + x 2 f 2 ? What are their respective set of x i values? These questions are thought-provoking if we realize that the FEDM method predicts the same f m values at the triple point. What does it mean? We pursue these questions below on the basis of the FEDM and FEDL analyses. The colloidpolymer system is taken as our physical system.
The layout of the paper is the following. In Sec. II A, we describe the idea of the FEDM and summarize in Sec. II B the essential equations used in describing the effective colloid-colloid potential for the colloid-polymer system. Then, in Sec. II C, we introduce the effective colloid-colloid potential into the perturbation theory. Both the free energy densities in fluid and solid phases are given. Section III is devoted to numerical results of the FEDLs whose structures are analyzed and used to discuss the relations between the three and two coexisting phases. Finally, in Sec. IV, we give the concluding remarks.
II. THEORY
This section first reviews the FEDM method. The method is applied to the colloid-polymer system whose attractive interaction is modeled by a depletion potential. The expressions of its fluid and solid free energy densities in the context of the second-order perturbation theory, which are needed in the FEDM, will be summarized.
A. Free energy density minimization
We now turn to introduce the concept of treating the coexisting phases as a composite system. Such an idea has recently been proposed by Wang and Lai 4 in their thermodynamic studies of phase separation.
Consider a homogeneous colloidal dispersion comprising initially of N 0 ͑c͒ neutral colloids to which is added N p nonadsorbing polymer coils. The colloid-polymer system is embedded in a dispersive medium that is maintained at temperature T. Inside a total volume V, the initial total number density of colloids is 0 ͑c͒ = N 0 ͑c͒ / V. Let us assume that the colloidal system experiences a phase transition separating into two coexisting subsystems whose spatial volumes and number of colloids are V 1 and V 2 and N 1 ͑c͒ and N 2 ͑c͒ , respectively; the corresponding number densities are therefore i ͑c͒ = N i ͑c͒ / V i , where i =1,2. Hereafter the subscripts i = 1 and 2 refer to phase-separated subsystems containing colloids of the same species. Denoting x i = V i / V, Wang and Lai 4 propounded looking upon the coexisting phases in phase separation as a "composite" system and wrote its Helmholtz free energy density as
where f i = F i / V i is the free energy density of the ith subsystem, which can be the low-density fluid ͑gas͒, highdensity fluid ͑liquid͒, or crystalline ͑face-centered cubic structure͒ solid depending on the thermodynamic equilibrium conditions, and R is the externally controlled parameter defined below. If, for given R , the homogeneous colloidal dispersion is induced to phase separation and decomposes into f 1 ͑ 1 ͑c͒ , R ͒ and f 2 ͑ 2 ͑c͒ , R ͒, the composite system's free energy density f m in Eq. ͑1͒ must have a lower free energy density compared with the free energy density in gas, liquid, or solid phase evaluated at the initial number density 0 ͑c͒ . It is easily verified that subject to the conservation constraints in total volume and total number of particles, x i can be written as x 1 = ͑ 0 ͑c͒ − 2 ͑c͒ ͒ / ͑ 1 ͑c͒ − 2 ͑c͒ ͒ and
To ensure a lowest free energy density f m , the two phases in coexistence must obey
and subject to the conservation constraints x 2 + x 2 = 1 and
and the conservation constraints can be shown 4, 10 by the method of Lagrangian's undetermined multipliers to be equivalent to
which are the two familiar equations imposed on the chemical potential and pressure p for two subsystems in coexistence. 11, 12 Given an initial number density of colloids 0 ͑c͒ , we may thus crosshatch the phase-separation domains by locating the lowest free energy density f m calculated at each R . The numerical procedure is to scan through the colloidal one phase ͑gas, liquid, and solid͒, two coexisting phases ͑gas-liquid, liquid-solid, solid-solid, etc.͒, three phases, and so on, and the f m that yields the lowest energy density value will be retained. It is clear that the minimization of f m requires f i ͑i = gas, liquid, and solid͒, which we shall turn to next.
B. The depletion potential
The addition of nonadsorbing polymer coils to a sterically stabilized colloidal dispersion will induce a wealth of phase behaviors as the added polymer concentration is varied. For an understanding of these phase-separation phenomena, the interparticle potential between the neutral colloids and polymer molecules is required. Asakura and Oosawa 13 first drew attention to the depletion effect, which is prevalent in the colloid-polymer mixtures. Because the sterically stabilized colloids and nonadsorbing polymer molecules are mutually impenetrable, the surface of each of the colloidal particles is surrounded by a depletion zone with a thickness of the polymer radius. Thus, if two colloidal particles come close enough, the depletion zones of these particles will overlap. This overlap in the depletion zones will cause an imbalance in osmotic pressure and, as a result, create an attractive force between the colloidal particles. According to Asakura and Oosawa, 13 the depletion potential can be cast in the form
where =2r c is the colloidal hard-sphere diameter, r p and r c being the radii of the polymer coil and colloid, respectively, ⌸ p is the osmotic pressure of the polymer, and r is the center-to-center separation distance between two spherical colloidal particles. The volume V overlap of the overlapped depletion zones can be calculated geometrically and was shown to be
͑5͒
where = r p / r c is the size ratio. The osmotic pressure of polymer molecules ⌸ p , assuming ideal, is related to the reservoir polymer number density R ͑p͒ by
where the inverse temperature ␤ =l/ ͑k B T͒ ͑k B is the Boltzmann constant͒ and R ͑p͒ is the polymer number density in the free volume V free , which is the space excluding those occupied by colloidal particles. Thus, V free and the total volume V of the system may be connected by a volume parameter ␣ defined by 15 V free = ␣V. ͑7͒
The parameter ␣ depends on the colloidal number density ͑c͒ or volume fraction ͑c͒ = ͑c͒ ͑4r c 3 / 3͒ as well as the size ratio and was shown by Lekkerkerker et al. 15, 16 to read
2 / 2+3 3 , and c 3 =3
3 . In the following calculations, the externally controlled parameter in Eq. ͑1͒ is set equal R = R ͑p͒ . This reservoir number density R ͑p͒ and the system's number density
where, as defined above, N p is the number of polymer molecules. Equation ͑9͒ permits a transposition from the R ͑p͒ -͑c͒ curve to ͑p͒ -͑c͒ , which is the phase diagram one commonly sees in colloidal experiments. At this point we should comment on our use of U dep as the dominant contribution to the colloid-colloid attraction. In other words, both the van der Waals and polymer-polymer attractions have been ignored. The former attraction can be shown 17, 18 to be proportional to an effective Hamaker constant ͑A 1 1/2 − A 2 1/2 ͒ 2 where A 1 is the Hamaker constant for the colloidal particle and A 2 refers to the adsorbed layer consisting of grafted polymers and the dispersive medium solvent. In the event that the amount of adsorbed polymer layer is small, A 2 may be approximated by the Hamaker constant of pure solvent. Accordingly this contribution may be assumed negligible by a proper choice of the sterically stabilized colloid and solvent. Coming to the latter attraction, this contribution can be accounted for by correcting the reservoir ⌸ p in Eq. ͑6͒ with a virial expansion. 19, 20 In attempting to compare with experiments where the hard-sphere-like repulsion comes from a sheath of adsorbed polymer molecules grafted to the colloidal surface, it is then necessary to examine the role played by the relative size of the latter layer and that of nonadsorbed polymers. In the present work neither this complication of adsorbed polymer sheath nor the correction in ⌸ p is included.
C. Helmholtz free energy densities of colloid-polymer mixtures: Fluid and solid phases
Within the second-order thermodynamic perturbation theory, 21 the Helmholtz free energy density for a mixture of colloids and polymer coils is written as
The variable y = r / is a reduced distance, U dep is given by Eq. ͑4͒ and
is the macroscopic compressibility 21 
III. NUMERICAL RESULTS AND DISCUSSION
In this section, we present the phase-diagram domains and the results of the FEDL that were used to study coexisting phases. Then, we turn to discuss the two and three phases in coexistence at the triple point. Calculated results of the spatial volumes of subsystems in each of these coexisting phases will be analyzed.
A. Phase-diagram domains and free energy density landscapes
In all of the calculations below, the size ratio of a polymer molecule to that of a colloid is fixed at = 0.57. The FEDM is carried out separately for f flu , f sol , and their different combinations. We have chosen several initial colloid vol- Referring again to Fig. 2͑a͒ , the blue dash-dotted ͑orange dash-dot-dotted͒ line is the common tangent L1L2 ͑L1S2͒.
For any normal at 0 ͑c͒ that intersects one of these CT lines, one would anticipate a phase transition into either gas-liquid or gas-solid. Since L1S2 has a lower free energy density value relative to L1L2, it describes the stable gas-solid phases. The L1L2 is accordingly metastable. At this R ͑p͒ , the two CT lines subtend at an acute angle. As R ͑p͒ is lowered to ͑p͒ , and out of these the sets ͑L1L2 and L1S2͒ and ͑L1S2 and L2S2͒, each shares a same free energy density value. In so far as the free energy density of the colloid-polymer system is calculated according to Eq. ͑10͒, these results indicate that the f m at R,tr ͑p͒ is not, as one might conjecture, described by a free energy density of coexistence three-phases with a value lower than two coexisting phases.
At this point, we should add one further remark that helps to shed light on distinguishing between the entropic process of CT lines variation obtained here and the EPCP method. The Ll branch of L1S2 obtained by the EPCP method customarily indicates in the phase diagram that it terminates at point A 1 ͑Fig. 1͒ on the spinodal decomposition line. Apart from demanding it to satisfy the thermodynamic relation ‫ץ‬ 2 f flu ‫ץ‬ ͑c͒2 ͉ V = 0, this feature has not been so much discussed in current studies of phase diagram. With the FEDLs depicted in Fig. 2͑d͒ , we now see more clearly that the CT line at the S2 solid phase can only touch the convex portion ͑around ͑c͒ Ϸ 0.2͒ instead of the low-density Ll of f flu . Since this contacted point is located in an unphysical convex portion, it makes the construction of a L1S2 CT line that yields a CT line L1S2 would have to start from the spinodal decomposition line. By the same token, L2S2 will terminate at point A 2 ͑Fig. 1͒ of the spinodal decomposition line. In view of these specific features, the issue on the equilibrium stable coexisting phases can thus be delved more deeply by the FEDL analysis.
IV. VOLUME PROPORTIONS AT TRIPLE POINT
We turn now to describe the spatial volume occupied by 
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Phase-separation in colloidal dispersion J. Chem. Phys. 132, 024910 ͑2010͒ be known from FEDM͒. The free energy densities of these coexisting subsystems are f 1 , f 2 , and f 3 , respectively. What are their spatial volumes x 1 , x 2 , and x 3 ? According to FEDM, these quantities satisfy three simultaneous equations,
In the context of the FEDL analysis, it is perhaps more instructive to ask: Are solutions x 1 , x 2 , and x 3 for which x i 0, i =1,2,3, exist? The answer can be sought for as follows. Consider Eq. ͑13͒. It is an equation of a triangular plane ͑orange dashed lines in Fig. 3͒ intersecting the three axes at x 1 = ͑1,0,0͒, x 2 = ͑0,1,0͒, and x 3 = ͑0,0,1͒. Next, Eq.
͑14͒ is another equation of a plane defined by 0 ͑c͒ ͑which, by the FEDM, yields 1 ͑c͒ , 2 ͑c͒ , and 3 ͑c͒ ͒. If this plane is drawn on the same coordinate axes, it will intersect the plane x 1 + x 2 + x 3 = 1, tracing out a straight line ͑red solid line in Fig.  3͒ . At first sight, it might appear that Eq. ͑12͒, which defines a third plane, would result in a "point" when plotted on the same coordinate axes as the preceding two planes. Equation ͑12͒ is however not an independent equation. To show this, let us consider Fig. 4 for the CT line drawn after any FEDM procedure, for example, Fig. 2͑c͒ . It can be shown from this figure that
Multiplying Eq. ͑13͒ by 1 ͑c͒ and subtracting it from Eq. ͑14͒
Applying Eq. ͑15͒ to the left-hand side, we have
which thus yields Eq. ͑12͒. Accordingly, Eqs. ͑13͒ and ͑14͒, which define the planes ͚ i=1 3 / ͑6k B T͔͒ ͑see text͒ for a colloid-polymer system characterized by an attractive depletion potential. The size ratio is fixed at = 0.57, and the initial volume fraction is given by 0 ͑c͒ = 0.4286 ͑blue thick line in Fig. 5͒ . begins with prescribed values of x 1 and x 2 , the whole system is still extremely flexible to readily adjust to give room to a nonzero x 3 without changing the free energy density f m . In other words, the spatial volumes at R,tr ͑p͒ has innumerable combinations. These values x 1 , x 2 , and x 3 are however by no means completely arbitrary but have to proceed one dimensionally ͑Figs. 3 and 5͒. The data summarized in Tables I-III for the cases 0 ͑c͒ = 0.4286, 0.25, and 0.54, respectively, and the figure depicted in Fig. 5 for others are concrete evidence.
V. CONCLUSION
We used the FEDM to calculate the domains of equilibrium monophases of gas, liquid, and crystalline solid as well as their phases in coexistence. The studies proceeded with constructing the FEDLs of the fluid and solid phases and scrutinizing the CT lines that join to subtend at an angle. By examining the change in slope of the CT lines on the FEDLs, we may tell apart the domains of stable and metastable coexisting phases. As a concrete illustration, the idea put forth in this work was applied to the colloid-polymer system whose interparticle interaction potential is modeled by the hard-sphere potential for the repulsive part and by the depletion potential for the attractive part. We found that the spatial volumes of triple coexistence assume infinitely many sets of x i , i =1,2,3, at R,tr ͑p͒ , varying in fact one dimensionally. , and L1L2 meet is the triple point whose x 1 , x 2 , and x 3 take on innumerable values, all of which yield a same free energy density value.
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